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Intro to Double Categories

leading to double fibration

Dorette Pronk Dalhousie University

Tutorial at ACT 2023

based on

papersby MarcoGrandis andRobert Pare

Double Fibrations joint work with

GeoffCruttwell Michael Lambert and Martin Szyld

Feel free to ask any questions you have about
double categories
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Double Categories
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Intuitively
A doublecategory has

o objects

two typesof arrows each with its owncomposition
Structure say and s

doublecells
I s

v 9
that can be composed in both directions
and these compositions need to becompatible
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Definition For a 2 category K a

pseudocategory I in K consists of a diagram

Cgc I Co
and iso 2 cells

Gf GEC
10
Gye C 4 aged Y c

on E EE É
989

s

normalized landr id
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Double Categories

Definition A double category is a pseudocategory
object in Cat

E EE E É E

y
Ps assoc and ps unitary

Go E categories

Let's spell that out
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Arlo Arlo Arte xAr fo
Ob G

t t
Arca Are Arce

Ht Ht
Oble x0be Ob Oba

Ob E
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III II o

dat tf
Are x Ark Arce xAr fo

Ob G
squares
of e my

goblet arrow I garrodcomp

Arctic.FM amofrG Arce

I III comp IIT
ObleKoble Ob ItOb EOble p

o

a pro arrows of objectsof Q
o a
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Pro arrow composition is only required to be

Unitary and associative up to isomorphism
there are doublecells

A YB
h
B Akita B

IA Th IB A IBunitors

a g p I fh I

associators
A Sf C B D

IA thgf D

A I B D
f hgfunctorial w rt dbl cells

Vertically invertible
Satisfying coherence
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Examples

I Rel objects an sets
proarrows are relations
arrows are functions

squares
S R ST R E SxT

I I
R E Sixt

such that

for sat ER Uls VCH ER
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2 pan E where E is a category with pullbacks

Qb are objects in e

grows are arrows in E

pro arrows are spans

SEA IT

Squares commutative diagrams

see a T

Kent it
3 For Eo I a double category E x E E II

is just a monoidal category
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I A 2 category A gives rise to double categories

A 1 a A
Had with cells u a v when Ight int

B 1 B

Hud with cells a h B

1
when A B

in d

QA with cells A h
s B when

u a r A D

E
k
D

int
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Note if Le and V are wide subcategoriesof it there
is an obvious subdouble category of quintets
with horizontal arrows in Jl and vertical
arrows in N
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Pseudo Double Functors

Foy double categories Q E X E E Eo
E

and D D DID Do

ooo
strict in the arrow direction pseudo in the

a pseudo double functor consists g
Parrow direction

Fo E Do and F G D
with Comparison cells

E E G E E Y SE

F IF
I D
É II I

e

Do
y
35 I _ÉpÉ

subject to the usual coherence condn Stricter
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Transformations between double functors
These come in two flavours

with pro arrow components these are the internal

transformations between internal functors

C

s Pyle

D
a F g

co 3D
L Go D is a functor

for each object X in d

ax Fox i SoX n a proarrow in ID

foreach arrow v X Y in Q there is a doublecell
F X M GoX

FoV u ii sFoy
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these need to satisfy
horizontal proarrow naturality

F X It Fox FX GoX

F O For ar Gor
FY

s
Foy

Ly 5 Y

F X 9 Sox 9h Sox
v du Gov G O Gov
Foy al Goy soy

Sik
vertical arrow functoriality Aw Awa
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The transformations with arrow components

are defined dually with components

Fox th Fox

Px Be Bx

80
gin

Sox

that need to be natural in the arrow direction
Fox Ih Fox Fox Th Fox
Pat Ben

Sox sie's It I
Go G O Gov By Ble By

Goy 191k 804 Goy Sik G Y
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and functorial in the proarrow direction

Fox
T 1,94 IZ Fox FC Foz

Ugh Ew Psh By
Fox It Foy FF Foz Sox

Sigh 3802

By Be Ty Pg uh ugh
got g h

Soy
g g

902 Six i goy 82
Ssh Sig
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The category of double categories

Objects double categories A B G

arrows pseudo double functors

transformations
pro arrow valued

arrow valued

Modifications
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Modifications

Given F G H K O D

with F g

g

T d Proanow
transformations

Big arrowBYe KT transformations

a modification I is given by
a double cell IX 7 Gx in ID for

My Tx each object
tex
f

Kx Xin G

natural in both directions
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Results

Hom d ID has the structure

of a double category
By restricting to globularcells

we can make this a category
Dbl Cat is naturally enriched over

it self we can also make it a 2 category

There are ways to make it a double

category
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the Grothendieck Construction

category of elements

Manycool properties see n lab listento talks
fromthisyear's CT Conference

today I willmostlyfocuson two gthem



 

ÉIJ

Recall a classical result from SGA4

For an indexing pseudofunctor F A Cat
with structure isomorphisms

Ya IFA 3 F IA

Yg f i Fg off F lgof

the category of elements I A has

objects A X Ae Obj A X eObj FIA

arrows g y Aix B y with g A B

and Y X Fig y in FLA
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identities

composing

d

Ya x x F IA XI

CA x It B y EY CC z
for

92,42 o Gi 4 grog Yggo Cg Ye 04

x F lg ly 22 Ilg Fg z 9g Flgg 4
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Properties of II FA

IT ft d is defined by
Air 1 A

g pl g

It is a fibration
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Tibrations

basic idea from topology
si

P
B is a lifting

of a

pathliftingproperty
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Fibrations CartesianArrows

Let p E B be a functor An arrow g else

in E is Cartesian if for all

e
y

É F se in E

Pe
py

PLAGE pripe in B

there is a unique lifting X
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Fibrations

P E B is a fibration if for any

e t se in E

b
p
ope in B

there is a Cartesian lifting g off to e

A cleavage for p consistsof a choiceof a Cartesian

lifting for each f and e
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It is a fibration
F L I Cat

LF B I Aix
XEFA

TIL EFB

A B A
f
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It is a fibration

y

dj Bff'd
If If

TF I
B
y

A

canonical Cartesianmorphisms

f 1 Few

they form a cleavage
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Result for a fixed base category B the

Grothendieck construction extends to a 2 equivalence

BI Cat Fib B

BE Cat pseudo functors pseudo naturaltransformations

modifications

Tif B fibration over B Cartesian functors
vertical natural transformations

Effie g de pies
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Fibrations over an arbitrary base

Fib is the 2 category

objects cloven fibration p E B arbitrary B

arrows f P E B P E B

is a commutative square

E
ft
É

P

B
f
BI ft preservesCartesian

arrows

2 cells d f g commutativeE
cylinder
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CFib E Iib is the locally full sub 2 category
Where we require the arrows ft to preserve the

cleavages

We obtain two equivalences of 2 categories

Fib I Iet

É ps É
natural transf

CFib I I Cats strict ntl
transformations



 

ÉIJ

Examples of Fibration

Mod Ring is a fibrationland an opfibration

R M i s R CRI FM Ram

M a left R module
R r f

Rz

f M restrictionof scalars

Codomain fibration over a category E with pullbacks

Arrs E E has obj fly in E

and arrows X h
s x

I f gyp

Comm in

E
y

the codomain functor É E is a fibration and

op fibration Cartesian arrows are pullbacksquares
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Examples continued

for E any category Fam E is the

category of set indexed families g obj
in E

Ci ie I
morphisms

c I 7 Dj jeg
f fi i et

f I I function
Ci Df lilThis is the Grothendieck construction for

so we getthat

GEE Fam e set is
a fibration
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The Category of Elements is also an oplax co limit

for F as diagram in Cat

Wehave a universal cone

g

FA Ea

FgT deg 3 Fs
FB EB

Ep K 1 A x

4 n y 1 Aix A y
CIA GaoY

Egly Ig Ig
A Fglyl B y
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Other properties of the categoryofelements

a functor P A Set is representable

i e PE HomL x fu some X in it if

JP
has a terminal object

We can obtain SP as a comma square
A

see nlab
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ACT Tutorial

On Double Fibrations

Double Grothendieck

Double Colimits

Part II
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Goat Introduce a Double Categoryof Elements

with a corresponding notion of double fibration

extending the monoidal Grothendieck construction

Moeller Vasilakopoulo TAC2027

Jaz Myers double Grothendieckconstructions for open
dynamical systems as special cases E PTC 202

structured and decorated cospans as special cases

Baez Courser Vasilakopoulou 2020,2022 Patterson 2023

extending the discrete case Lambert TAC2021


