
Lens Exercises

① What data do you need to define lenses of the

following forms ? ( where I -
- EH is a one element set )

② finite coil ⑨ titties )

⑤ t ' elitist ⑧ Eat I I

⑦
Prove that lens composition is unital and associative

.

③⑨ Show that I is He monoidal unit for ⑤

on lenses
.

③ Is the monoidal product of lenses a Cartesian

product ? Prove it is or give
a counterexample .

④ Write out lens composition in Lease where

e is an arbitrary
artesian

category .

⑤ Express the following wiring diagrams as lenses in

the free artesian category Arity E Fin Set OP

④ ⑤

¥⇐B



⑥ ② Write out the formula for
composing wiring diagrams

in terms of lens composition in
Arty .

⑤ Check that the
wining diagram

i. . Composite 5600 .

⑦ ② Show that for
any map f : X - s Y

,
the

f- x Asquare
IIA

→ja ?is a pullback
X FY

⑤ Show that lens composition is
given by He

composition of their associated spans.

That is
, given

⇐titanite GE) me Cgi) : it
Show that the the pink span below corresponds

Atx c-

µ is
"

t f
cnet.tt Atx B -

At Btxc
-

at a
-

t I g t
At ft B+ Gt Ct

to the composite Cgt) off) ,
and that

the top and bottom squares of the middle
cube are pullbacks



⑧ A classo-f-maps.in a category is a class of maps
DE arrows (e) such that if the following square combes

artFie .
In:' if:EYE79%17 .

A class of maps
D is pullbackstable if

For
every

d : Do - D
,

in D and f : C
,

→ D
, (arbitrary)

| There is a pullback square

f
A

Do Do

I sat
. ÷ to

.

with f 'd c- D
.

② Show that in a Cartesian category .

He class

of left product projection it : Ax X → A is

pullback stable
.

↳ that is
, of maps isomorphic to left

product projections

⑤ If D is
any pullback stable class of maps in e

,

Then we get an indexed category
Da ,

: eop → Cat

where Dq is the full
subcategory of the

slice
category

etc spanned by
the maps in I

That is
, ospas al ie D

,
al mapsare ?% .

And DA : Dc → Dc , (for f :c
'

- so )

is given by pullback . Verify that His is an indexed cat
.



⑧ ⑥ Show that Tie Dk is the full sub cat

of the arrow cat et spanned by the

maps in D .

⑧ Show that a map in Jc
:c

Dlc
,

considered as

a square
Do

IsDa
dot Id .

D
, TDs

is vertical if f is iso and Cartesian iff
He square is a pullback .

⑨ For D= E product projections } in a cartesian

category
e

.
He indexed

category
Dreier - cat

is called the "

simple fibration "

.

Show that Dk ,
- lenses one simple lenses

.

Lens
@ ⇐

= Lease

⑧ Show that in the Grothendieck construction of am

indexed category that :

④ For
any artesian f :X - i Y and vertical

g
: A - s Y

There is a pull

badge, A

CG g- flugX - s y
f

where I is curtain I g- is vertical
.

③
Show

that any square (a) ale f. E am Cartesian
and g. g- am vertical is a pullback .



Extracises
④ Prove that

any very
earful has in Set has

"
constant complain

"

.

That is
, if htt) :(Fat (BB) satisfies

(get put)

ft
( f

-

Ca
,

'

b ) ) = b

( put got) f
-

( a
,

f
-' Ca ) ) = a

( put put) f-( f
-Ea, b)

,

b
' ) = f

-

Ca , b
' )

Then there is a set C and a map c : A - ' C

So that
② ( ft

,
c ) : A  → Be is an iso

⑤ f
- La ,

b) = C ft
,

c) - ' ( b
,

c Ca ) )

Show that these lenses are the interpretations
of the

following wiring diagram

→bot .

④ Compute what leases are for your
favorite

indexed category F. em → Cat
.

② Dependent loses an lenses for Seth ,

: Seta - scat
.

What should
"

depended hiring diagram " he ?


