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When the domain of the backwards
map depends a the

forwards map ,
its an Lens

ft .

. At  →Bt f
-

:

FHYLBJ
→ A

-

- -

i
i

Eat : hit 'tit
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Doctrines of Systems Theory

A doctrine is a theory of what it means to be

a theory of systems .

Systems are Categorical
ES:

A system is
. . . composed by . . .

tool

A diagram or graph Gluing together features Cos pans
t

Push out

A relationship amongst Setting exogenous variables Spans
+

variable quantities equal pullback

A  notion of how things Setting parameters of the Lenses
can be ( States ) , t

and a notion of how dynamics according to the
Lens Composition

things car change , given exposed Variables of  other

how they are (dynamics) systems



Moore Machines

⇐ IEEE :

A Moore Machine with input alphabets I
, ,

. . .

,
In

and output alphabets Q
,

. . .

,
Om is a set S of states

and a pair of functions

{
u : SxI

,
x . .  - x In → S

e : S → O
,

x - - . x On

The state s outputssymbols
els ) and transitions

to state u ( si) when reading inputsymbolsI



Wiring together Moore machines

a-Deistctfu{ iiis.

Is . the
.

'

s .Htt.

&! l s
" edsdl.udsz.le.csi.ch )



Moore Machines as Lenses
±

Def : A ( simple ) lens

fit : tail it
is a pair of functions

F-  
: Atx B

-

→ A-

{ ft : At  → Bt

So
,

a Moore Machine is a lens

64 : C Ei:



Def : A ( simple ) lens

til : lift GET

is a pair of functions

F-  
: Atx B

-

→ A
-

{ ft : At  → Bt

A wiring diagram is  also a lens :

a fit :c :in lag
w

- (Cb
, a)

,
c ) = La ,

b
, c){ wt

 ( b
, a) = a



Examples of Lenses
A

° Data access and update :

,
. . sometimes " put ,

"

Ciii: I :(ii. I Get"is '' Ii "

get G. y ,
z ) : = X

, setxclx, y ,
z )

,
x ) :  = C x

'

, y ,
z )

This is an example of a (very) lawful lens

o (get sett get ,
( setxkx.az) ,

x )) = x
'

° ( set get) set ( ay ,
z )

, get × ( x
, y ,

2- D= C x , y it )

o ( set set ) set ( set ( C x
, y ,

z )
,

X
' )

,

X
" ) = Sdxkx, y ,

z )
,

x" )



Lens Composition :

2

GIFT :Cii.it anelgsit :Cisil

HE
't

Their composite

(F)off ) -
- ( "

j.is?ii;gtttiatiicD/instringdiagrm



Monoidal Product of lenses
3

⇐

EH :Cii.it anelgsit :(Ei⇐ ¥1
Their product  is

total : hi: C iii.it

=

(Cat
, et I

,
( 5. d- ) ) I - s ( f

- Cat ,
b- )

, g- ( at
,

d - )) )( ( at
,

et ) 1- > ( ft Cat )
, gtfo ) )



The composite system

HItt{!
l s

. . edsall
,

udsz
,

Least
. as )

is

city whatlining

fit: can .ci



Categories of Lenses : 4

The construction of the category of lenses only
used the Cartesian product, so . . .

Thin : For
any category

e with finite products ,

We have a symmetric
monoidal category

Lease of lenses in e
,

↳ objects (EI) ,
morphism fEt) :( ti ) Is (Pst)

For a product - preserving
functor F : e → D

,

get (E) : Lease → Large



Wiring diagrams as free lenses

Thin : The free cartesian category on  an object X
,

"

Arity
"

has objects : XF for finite sets F
,

morphisms : ft : XF → XF
'

for f : F
'

→ F

ie Arity
= Fine .

Def : A wiring diagram is a lens in Arity .

← input ports y input ports

he:L:C ox . .  . ¥:
out . . . .

-
-

inner boxes opytffy outer box



Def : A wiring diagram is a lens in Arity . 5

← input ports y input ports

he:L:C ox . .  . ¥:
out . . . .

-
-

inner boxes opytpfy
outer box

W -

'

. Bit . . .  t Bri → Bit - .  . t Bht t B-That  is :

{
w .

.

. Bt → Bit - . it BI
i.e

.

① every
outer output bt comes from exactly one inner outputWfb't .

② every
inner input bi comes from either an inner output

or an outer input w
-

Ibi
)



Composition of wiring diagrams is
by nesting

:

g

¥ =

11

E



The universal property of Arity says that for
any

Cee

there is a unique Cartesian functor X ' → c : Arty
→ e

This gives us (EEE) : Len
santy

→ tense

which interprets every wiring
diagram as a lens in e !



The Parameter -

Setting
Doctrine of Systems

A system consists of
° a notion  of how things may

be ( state )
o a notion of how

things change
, given how they are (dynamics)?;÷EE÷iiiiii%'s:#:'sIttap .:B:Yes:r

.

E. g.
:

o A Moore Machine with input alphabet I and output  alphabet O

is a set S of States and a pair of maps

{ a :S x I → s

e : S → O

The state s outputs symbol els ) and transitions
to state u ( s

,
i ) when reading input symbol i

.



The Parameter -

Setting
Doctrine of Systems

A system consists of
° a notion  of how things may

be ( state )
o a notion of how

things change
, given how they are (dynamics)I%fE-egjni.EE?miiiiiti:fsIttegIIta:

.:B:Yes:r
.

E. g.
:

o A Markov Decision Process with action menuA and outputs O

is a set S of States and a pair of maps

{ a :S x A → DCR - s )
e : S → O

If u ( s
,

a)
= per, si , Cris ' )

,
then per

,
s ,

is the probability

that action a causes the transition Sms s
' with reward r

.



The Parameter -

Setting
Doctrine of Systems

A system consists of
° a notion  of how things may

be ( state )
o a notion of how

things change
, given how they are (dynamics)÷;iEE?niiiiitie's:#Et:taros:B:Yes:r

.

E. g.
:

° A system of ODES {dfa = Us , p ) with K parameters p
is a manifold S of States and a pair of maps

f.taste;¥
S = s → O

e



Moore Machines { a :S ' I → s

e :S → o simple

Markov Decision Processes {Ue !§ Dkk 'S )
monadic

TS et

Systems of ODES f til
←

t
#IF dependent

S IS e- O a

are all Lenses of different kinds
I

feel :(E ) I Ed



Lenses as Spans
We can rearrange the data of a lens as follows

7

ftit : tail it
, . .

. ,

tin ÷ . Iii
. '

÷:=

ft '

A  ← •  → B
The right hand side is a span in the category

et of arrows in e ,
whose

① left leg is vertical - the bottom is is o

③ right leg
is Cartesian - a pullback

This gives us a more general way to think of lenses
. . .



Indexed Categories and the Grothendieck Construction

Def : An indexed category is a pseudofunctor F : → Cat .

° For every
Cee

,
a category FCC )

° For every f : C
'

→ c
,

a functor FCH : FCC) → FG ')

° Natural isomorphisms

Jc :  idea ,
= , Fcidc )

Mc
: Fcf ) of(g) Is F ( go f)

Satisfying unit and associativity laws ( like those of
a lax monoidal functor) .



Indexed Categories and the Grothendieck Construction

Def : An indexed category is a pseudofunctor F : → Cat .

° For every
Cee

,
a category FCC )

° For every f : C
'

→ c
,

a functor FCH : FCC) → FG ')

° Natural isomorphisms

Jc :  idea ,
= , Fcidc )

,
Mc

: Fff ) of(g) Is F ( got )

Def : The Grothendieck Construction of an indexed cut

has
o objects ( E) with CE e and F E FCC )

o maps I E) :C E) ⇒ (E) are pairs fi:E?54 "

° Composition is by

(g) off) = ( F Is F HE AHHHH'D E'FGOHH "))
c Is c

' es c
"



Def : The Grothendieck Construction of an indexed cut

has
o  objects ( E) with Cee and F  e fcc )

8

o maps I E) :C E) ⇒ (E) are pairs fEiE?54 "

°

composite.by#y,=.jEYFyyp-tgiHEFlgoHlF"I)EgloffI -

- ( ⇐ etc "

Def : A map ft ) is vertical if f  is iso and

Cartesian if I is iso
.

Thm : Every map (E) factors uniquely as a vertical

followed by a Cartesian map
:

(E) = fidgets # 's) ofkid E )



Lenses via the Grothendieck Construction
q

Def (Spivak) : Let F : Cor - scat be an

indexed category .

The
category af

F- lenses is

Tense Jc
: efccyop

ie objects (EI ) with At eeand A- e FCAT

morphisms ( ¥ I : tail LEI)

{ I Fat " Est

with composition Jffttfg - ) f
-

5- (gtof 'T TFC ft ) Hgt) → Hft ) (B) → A- )( At Bt Ct



Type  of system Indexed category
F :C P

- scat

Moore Machines { E: a  → f "

/
Markov Decision Processes {I !§ THR 'S )

Cts Biklfcx - ,D( Rx - ))

TS et →

systems of ODES fit
← It

e
E Cr , ?

 n }S = s - O


